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Abstract 

We classify Fano fivefolds of index two which are blow-ups of smooth manifolds 

CN ' alone a smooth center. 

> • 

CO 

£5 ! 1 Introduction 
o 

A smooth complex projective variety X is called Fano if its anticanonical bundle — Kx 
is ample; the index rx of X is the largest natural number m such that — Kx = rnH for 
some (ample) divisor H on X, while the pseudoindex ix is the minimum anticanonical 
degree of rational curves on X. 

By a theorem of Kobayashi and Ochiai [15] , rx = dim X + 1 if and only if (X, L) ~ 
(P dim * £> P (1)), and r x = dimX if and only if (X, L) ~ (Q dimX , O q (1)), where Q dimX 
is a quadric hypersurface in p dimX + 1 . Fano manifolds of index equal to dimX — 1 and 
to dimX — 2, which are called del Pezzo and Mukai manifolds respectively, have been 
classified, mainly by Fujita, Mukai and Mella (see [HI [HI [17] ) . In case of index equal to 
dimX — 3, the classification has been completed for Fano manifolds of Picard number px 
greater than one and dimension greater or equal than six (see [29]). 

For Fano manifolds of dimension five and index two it was proved in [1] that the Picard 
number is less than or equal to five, equality holding only for a product of five copies of 
P 1 . Then, in [9], the structure of the possible Mori cones of curves of those manifolds, 
i.e., the number and type of their extremal contractions, was described. A first step in 
going from the table of the cones given in [H] to the actual classification of Fano fivefolds 
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of index two has been done in [19], where ruled Fano fivefolds of index two, i.e., fivefolds 
of index two with a P 1 -bundle structure over a smooth fourfold, were classified. 

In this paper we classify Fano fivefolds of index two which are blow-ups of smooth 
manifolds along smooth centers. In section [3] we recall the structure of the cones of 
curves of these manifolds, as described in [9], and we summarize the known results. Using 
previous results we are reduced to the following cases: 

px = 2 and the two extremal rays of NE(X) correspond respectively to the blow-up 
of a smooth variety X' along a smooth surface S and to a fiber type contraction 
■d : X -> Y. 

Px = 3. In this case NE(X) has three extremal rays: one of them is associated to the 
blow-up of a smooth variety along a smooth surface, one corresponds to a fiber type 
contraction, and the last one is associated either to another blow-up contraction or 
to another fiber type contraction. 

The hardest case, which is the heart of the paper and is dealt with in Section HI is 
when px = 2. In this case it is easy to show that the pseudoindex of X' is equal either 
to six or to four: if ix* = 6 then X' ~ P 5 by results in [14J, and the classification of S 
follows observing that S cannot have proper trisecants. In case ix> = 4 we prove that 
also rx> = 4, i.e., that X' is a del Pezzo manifold and that S is a del Pezzo surface. The 
classification of (X', S) then follows studying the possible conormal bundles Ng, x ,. 

In Section [5] we study the case px = 3; apart from one case, the target of the birational 
contraction is a Fano manifold, which is either a product with P 1 as a factor or a P 3 -bundle 
over a surface; the classification of the center follows. 

Our results are summarized in the following 

Theorem 1.1. Let X be a Fano fivefold of index two which is the blow-up of a smooth 
variety X' along a smooth subvariety S. Then (X', S) is as in the following table, where, 
in the last column, F denotes a fiber type extremal ray, Di denotes a birational extremal 
ray whose associated contraction contracts a divisor to an i-dimensional variety and S 
denotes a ray whose associated contraction is small. 
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the complete intersection of three quadrics 






(b3J 
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lr X lr embcauea by 








Tn>5 
lr 


ir 2 embeaaea by Co + oj 


(•r, J->2) 




(b5) 


p5 


the blow-up of P 2 in four points cci, • . . , £4 such that 
the line bundle P 2 (3) — is very ample 


(F,D 2 ) 




(b6) 


p5 


the blow-up of P 2 in seven points xq, . • • , such that 
the line bundle P 2 (4) — 2Eq — i Fi is very ample 


(F,D 2 ) 




(b7) 


v d (*) 


the complete intersection of three general members of CVj(1)I 


{F, D 2 ) 




(b8) 


v 3 


P 2 with (Ov,(l))i.2 ~ CWl) 


{F, D 2 ) 




(b9) 


v 4 


p 2 with (c»v 4 (i))| P 2 ~ e> P 2(i) 


{F, D 2 ) 




(blO) 


v 4 


Q 2 with (Ov 4 (l))|Q - 


(F,D 2 ) 




(bll) 


v 5 


a plane of bidegree (1, 0) (**) 


(F,D 2 ) 




(bl2) 


v 5 


a quadric of bidegree (1, 1) 


(F,D 2 ) 




(bl3) 


v 5 


a surface Fi of bidegree (2, 1) not contained in a G(l, 3) 


(F,D 2 ) 




(cl) 


p5 


a Veronese surface 


(D 2 ,D 2 ) 




(c2) 


p5 


Fi embedded by Co + 2/ 


(D 2 ,D 2 ) 




(c3) 


v 5 


a plane of bidegree (0, 1) 


(D 2 ,D 2 ) 




(dl) 


p5 


Q 2 with (Op(l)) [Q ~ O q(1) 


(D 2 ,S) 


3 


(el) 


P 1 x Q 4 


P 1 X / with / a line in Q 4 


(F,F,D 2 ) 




(c2) 


P 1 x Q 4 


P 1 X T with T C Q> 4 a conic not contained in a plane II C Q> 4 


(F,F,D 2 ) 




(c3) 


x> e |0 P 2 XP 4 (l,l)| 


P 2 , a fiber of the projection X' -» P 4 


{F,F,D 2 ) 




(e4) 


X' G |0 P 2 XP 4 (1,1)| 


Fi , the complete intersection of X 1 and three general 
members of the linear system P 2 xP 4(0, 1)| 


(F,F,D 2 ) 




(fl) 


p P 2(oeo(i)® 3 ) 


P 2 , a section corresponding to the surjection O ® 0(1)® 3 — > O 


(F,D 2 ,D 2 ) 




(f2) 


Bl ?r (P 5 ) (***) 


P 2 , a non trivial fiber of BW(P 5 ) -> P 5 


(F,D 2 ,D 2 ) 




(f3) 


B1 P (P 5 ) 


Fi , the strict transform of a plane in P 5 through p 


(F,D 2 ,D 2 ) 




(f4) 


BW(P 5 ) 


P 2 , the strict transform of a plane in P 5 not meeting it 


(F,D 2 ,D 2 ) 


4 


(gl) 


P 1 x P 1 x P 3 


P 1 X P 1 X {p} 


(F, F, F, D 2 ) 



In [3], Fano manifolds X obtained by blowing up a smooth variety Y along a center T 
of dimension dimT < %x — 1 were classified; the results in this paper show that the case 
dim T = ix will be far more complicated. 

(*) Vd denotes a del Pezzo fivefold of degree d. 

(**) V5 is a hyperplane section of G(l, 4). The bidegree of S is the bidegree of S in G(l,4). 
(***) BL^P 5 ) (resp. Bl p (P 5 )) denotes the blow-up of P 5 along a 2-plane tt (resp. along a point p). 
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2 Preliminaries 



2.1 Fano-Mori contractions and rational curves 

Let X be a smooth Fano variety of dimension n and Kx its canonical divisor. By Mori's 
Cone Theorem the cone NE(X) of effective 1-cycles, which is contained in the M-vector 
space Ni(X) of 1-cyles modulo numerical equivalence, is polyhedral; a face r of NE(X) 
is called an extremal face and an extremal face of dimension one is called an extremal 
ray. To every extremal face r one can associate a morphism <p : X — > Z with connected 
fibers onto a normal variety; the morphism p contracts those curves whose numerical class 
lies in r, and is usually called the Fano-Mori contraction (or the extremal contraction) 
associated to the face r. A Cartier divisor D such that D = <p* A for an ample divisor A 
on Z is called a supporting divisor of the map ip (or of the face r). 

An extremal ray R is called numerically effective, or of fiber type, if dimZ < dimX, 
otherwise the ray is non ne/or birational. We usually denote with E = E(ip) := {x G 
X | dim p~ 1 (p(x)) > 0} the exceptional locus of ip\ if ip is of fiber type then of course 
E = X. If the exceptional locus of a birational ray R has codimension one, the ray and 
the associated contraction are called divisorial, otherwise they are called small. 

Definition 2.1. An elementary fiber type extremal contraction ip : X — > Z is called 
a scroll (resp. a quadric fibration) if there exists a p-ample line bundle L G Pic(X) such 
that i^x + (dim A — dim Z + 1)L (resp. Kx + (dim X — dim Z)L) is a supporting divisor 
of </?. An elementary fiber type extremal contraction ip : X — > Z onto a smooth variety 

Y is called a F-bundle if there exists a vector bundle £ of rank dimX — dim Z + 1 on Z 
such that X ~ P^(£); every equidimensional scroll is a P-bundle by [TUl Lemma 2.12]. 

Definition 2.2. Let Ratcurves n (X) be the normalized space of rational curves in 
X in the sense of [16J; a family of rational curves will be an irreducible component 

V C Ratcurves n (A). Given a rational curve / : P 1 — > X we call a family of deformations of 
f any irreducible component V C Ratcurves n (A) containing the equivalence class of /. 

We define Locus(y) to be the subset of X of points through which there is a curve 
parametrized by V; we say that V is a dominating family if Locus(y) = X. Moreover, 
for every point x G Locus(l / ), we will denote by V x the subscheme of V parametrizing 
rational curves passing through x. 

Definition 2.3. Let V be a family of rational curves on X. We say that V is unsplit 
if it is proper and that V is locally unsplit if every component of V x is proper for the 
general x G Locus(V^). 

Proposition 2.4. JTfy IV. 2. 6] Let X be a smooth projective variety, V a family of 
rational curves and x G Locus(l / ) such that every component of V x is proper. Then 
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(a) dimX — Kx • V < dimLocus(V) + dimLocus(T4) + 1; 

(b) -K x ■ V < dimLocus(K) + 1. 

In case V is the unsplit family of deformations of a minimal extremal rational curve, 
Proposition 12.41 gives the fiber locus inequality: 

Proposition 2.5. [131 [30] Let if be a Fano-Mori contraction of X and E its excep- 
tional locus. Let F be an irreducible component of a (non trivial) fiber of (p. Then 

dim E + dim F > dim X + 1-1 

where I = min{— Kx ■ C \ C is a rational curve in F}. 

If ip is the contraction of a ray R, then I is called the length of the ray. 

Definition 2.6. We define a Chow family of rational curves V to be an irreducible 
component of Chow(X) parametrizing rational and connected 1-cycles. 
If V is a family of rational curves, the closure of the image of V in Chow(X) is called the 
Chow family associated to V. 

Definition 2.7. Let X be a smooth variety, V 1 ,...,V k Chow families of rational 
curves on X and Y a subset of X. We denote by Locus^ 1 , . . . , V k )y the set of points 
x £ X that can be joined to Y by a connected chain of k cycles belonging respectively 
to the families V 1 , . . . , V k . We denote by ChLocus m (V 1 , . . . , V k )y the set of points x G X 
that can be joined to Y by a connected chain of at most m cycles belonging to the families 
V\...,V fe . 

Definition 2.8. Let V 1 , . . . , V k be unsplit families on X. We will say that V 1 , . . . , V k 
are numerically independent if their numerical classes [V 1 ] , . . . , [V k ] are linearly indepen- 
dent in the vector space Ni(X). When moreover C C X is a curve, we will say that 
V 1 , . . . , V k are numerically independent from C if the class of C in Ni(X) is not con- 
tained in the vector subspace generated by [V 1 ], . . . , [V k ]. 

Lemma 2.9. [TJ Lemma 5.4] Let Y C X be a closed subset and V an unsplit family. 
Assume that curves contained in Y are numerically independent from curves in V, and 
that Y n Locus(y) ^ 0. Then for a general y EY n Locus(V) 

(a) diniLocus(V)y > dim(F fl Locus(V)) + dimLocus(K / ); 

(b) dimLocus(y) y > dimF - K x ■ V - 1. 

Moreover, ifV 1 ,...,V k are numerically independent unsplit families such that curves con- 
tained in Y are numerically independent from curves in V 1 ,...,V k , then either 
Locusty 1 , . . . ,V k ) Y = or 
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(c) dimLocus(V\ . . . , V k ) Y > dimF + • V*) - k. 

Definition 2.10. We define on X a relation of rational connectedness with respect to 
V 1 , . . . , V k in the following way: x and y are in rc^V 1 , . . . , V fc )-relation if there exists a chain 
of rational curves in V 1 , . . . , V k which joins x and y, i.e. if y G ChLocus m (V 1 , . . . , V k ) x 
for some m. If all the points of X are in rc^V 1 , . . . , V fc )-relation we say that X is 
rc(V l , . . . , V k )- connected. 

To the rc(V x , . . . , V fc )-relation we can associate a fibration, at least on an open subset, 
(see pH IV.4.16]); we will call it rc(V\ . . . , V fc )-fibration. 

Definition 2.11. Let V be the Chow family associated to a family of rational curves 
V. We say that V is quasi-unsplit if every component of any reducible cycle in V is 
numerically proportional to V. 

Notation: Let T be a subset of X. We write N*(T) = (V 1 , . . . , V k ) if the numerical 
class in X of every curve C C T can be written as [C] = X^ a «[^L with a; 6 Q and 
Ci E V\ We write NE X (T) = (V 1 ,...,V k ) (or NE X (T) = {R u . . . , R k }) if the numerical 
class in X of every curve C C T can be written as [C] = Y2i a i [Q] > with a» G Q>o and 

G V* (or [a] in i^). 

Proposition 2.12. pQ Corollary 4.2], [9, Corollary 2.23] Lei V" be a family of rational 
curves and x a point in Locus(y). 

(a) IfV is quasi-unsplit, then NE x (ChLocus m (V r ) a; ) = (V) for every m > 1; 

(b) ifV x is unsplit, then NE x (Locus(K)) = (V). 

Moreover, if r is an extremal face ofNE(X), F is a fiber of the associated contraction 
and V is unsplit and independent from r, then 

(c) NE x (ChLocus m (V) F ) = (r, [V]) for every m > 1. 

2.2 Fano bundles 

Definition 2.13. Let £ be a vector bundle on a smooth complex projective variety 
Z. We say that £ is a Fano bundle if X = Fz(£) is a Fano manifold. By [271 Theorem 
1.6] if £ is a Fano bundle over Z then Z is a Fano manifold. 

M. Szurek and J. Wisniewski have classified Fano bundles over P 2 ([261 128]) and Fano 
bundles of rank two on surfaces [28] . What follows is a characterization of Fano bundles 
of rank r > 2 over del Pezzo surfaces, which generalizes some results in [28] . 
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Proposition 2.14. Let Sk be a del Pezzo surface obtained by blowing up k > points 
in P 2 , and let £ be a Fano bundle of rank r > 2 over S^; then, up to twist £ with a suitable 
line bundle, the pair (Sk,£) is one of the following: 

(i) (s k ,®o® r y, 

(ii) (51,^(0^(1) ©OS M )); 

(iii) (^,r(rp 2 (-i)©o® (r - 2) )), 

where 9 : S± — ► P 2 is the blow-up o/P 2 at one point. 

Proof. Let £ be a Fano bundle of rank r > 2 over Sk and let X = Ps fc (£); by 
[j~9| Proposition 3.4] there is a one-to-one correspondence between the extremal rays of 
NE(Sfc) and the extremal rays of NE(X) spanning a two-dimensional face with the ray 
Re corresponding to the projection p : X — > Sk- 

Let Rq 1 C NE(S'fc) be an extremal ray of Sk associated to a blow-up Q\ : Sk — ► S^-i, and 
call E'gj the exceptional divisor of 6>i; let i?,^ be the corresponding ray in NE(X), with 
associated extremal contraction i?i : X — > X\. 

By [T9l Lemma 3.5] "d\ is birational and has one-dimensional fibers, hence by |3., Theorem 
5.2] we have that X\ is smooth and $i is the blow-up of a smooth subvariety of codimension 
two in Xi; moreover, by [191 Lemma 3.5] and reasons of dimension, Exc(i?^ 1 ) = p~ 1 (Eq 1 ). 
The divisor E &1 : = Exc(i?^J has two projective bundle structures: a P 1 bundle structure 
over the center of the blow-up and a P r ~ 1 -bundle structure over Eg 1 ; by [2H Main theo- 
rem] we have that E, &1 ~ P 1 x P r_1 . 

It follows that £\E e — 0® r , hence by 0, Lemma 2.9] there exists a vector bundle of 
rank r on Sk-i such that £ = Q\£\. It is now easy to prove that the induced map 
FsM^i) = X — > Ps^i) is nothing but A, hence X l = Ps^i). 
Since NE(E^ 1 ) = (RgjR^), the divisor E^ cannot contain the exceptional locus of an- 
other extremal ray of X; it follows that X\ is a Fano manifold by [301 Proposition 3.4]. 

We iterate the argument k times, until we find a Fano bundle £k over P 2 such that, 
denoted by 9 and $ the composition of the contractions Oi and $j respectively, £ = 
We have a commutative diagram 

P 5fc (£) = X ^ X fc = P P 2 (f fc ) 

s -P 2 



Up to considering the tensor product of £k with a suitable line bundle, we can assume 
that < c\(£k) < r — 1; by [26j Proposition 2.2] we have that is nef. 
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Let I be a line in P 2 ; the restriction of to I decomposes as a sum of nonnegative 
line bundles, hence we can write (£k)\i — ©i=o^( Q i)> with a = and aj > 0. Let Z be 
the strict transform of I in Sjt; since 8,j : Z — > I is an isomorphism we have £17— (£jfe)|ii let 
Co C X be a section of p over Z corresponding to a surjection £17 — ► O — > 0; we have 

r-l 

(1) < • C = ra - K Sk -T- ^ a, = -K 5fc T- Cl (4)- 

Now if / passes through a point blown up by 9, by equation ([1]) we have ci(£k) < 1. In 
this case, by the classification in [26] . either is trivial, or 8k — Oil) © 0®^ r ~ l \ or 

Assume that k > 2 and let Z be a line in P 2 joining two of the blown-up points; again 
by equation ([I]) we have C\{Sk) = 0, so only the first case occurs. □ 

PROPOSITION 2.15. Let £ be a Fano bundle of rank r > 2 over P 1 x P 1 ; then, up to 
twist £ with a suitable line bundle, £ is one of the following: 

(i) o® r - 

(ii) O^OjeO^ 1 ); 

(iii) 0(l,l)e0® (r - 1) ; 

(iv) 0®( r - 2 ) ©O(l,0)©O(0,l); 

(v) a vector bundle fitting in the exact sequence — > 0(— 1, —1) — > O®^ 4 " 1 -* — >• £ — > 0. 

In a// cases i/ie cone 0/ curves of X = P(£) zs generated by the ray corresponding to the 
bundle projection and by other two extremal rays; in case (i) the other rays are of fiber 
type, in case (ii) one of them is of fiber type and the other correspond to a smooth blow-up 
while in cases (iii)-(v) both the other rays correspond to smooth blow-ups. 

Proof. We will show the result by induction on r, the case r = 2 having been 
established in [281 Main Theorem]. Let X = P(£); first of all we prove that NEpf) is 
generated by three extremal rays. Let Rs C NE(X) be the extremal ray corresponding 
to the projection p : X — > P 1 x P 1 ; since px = 3 it is enough to prove that any other 
extremal ray of NE(X) lies in a two-dimensional face with R^. 

Let Rtf be another extremal ray of X with associated contraction d and let F be a 
nontrivial fiber of d. We claim that dimF = 1: in fact, since curves contained in F are 
not contracted by p, we have dim F < 2, and, if dim F = 2, we would have X = p~ l {p{F)) 
and NE(X) = (R, Rs) by Proposition 12.121 (c) . against the fact that px = 3. In particular, 
by Proposition I2.5[ d cannot be a small contraction. 

Let V$ be a family of rational curves of minimal degree (with respect to some fixed 
ample line bundle) among the families which dominate the exceptional locus of R# and 
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whose class is in R$. Such a family is quasi- unsplit by the extremality of R§ and locally 
unsplit by the assumptions on its degree. 

We claim that V$ is horizontal and dominating with respect to p. This is clear if the con- 
traction $ associated to R$ is of fiber type. Assume that $ is divisorial, with exceptional 
locus E: we cannot have E ■ Rg = 0, otherwise E = p*D for some effective divisor D in 
P 1 x P 1 ; but every effective divisor on P 1 x P 1 is nef and so E would be nef, against the 
fact that E ■ Rg < 0. It follows that E ■ Rg > 0, so E dominates P 1 x P 1 and thus Vg is 
horizontal and dominating with respect to p, and the claim is proved. 
We can now apply P, Lemma 2.4] and conclude that [Vg] and Re lie in a two-dimensional 
extremal face of NE(X). 

We have thus proved that every extremal ray different from Rg lies in a two-dimensional 
face with Rg\ therefore NE(X) is generated by three extremal rays. We will call R$ 1 and 
R& 2 the two rays different from R £ , i.e., NE(X) = (Rg, R# 1 , R# 2 ). 

By [T9l Proposition 3.4], for every i — 1, 2 we have a commutative diagram 




P 1 x P 1 — »- P 1 

where tpi is the contraction of the face of NE(X) spanned by Rg and R& i . 

Let xeP 1 and let /* be the fiber of 9i over x; since we can factor tpi as ipi = 6i°p, the 
fiber of ipi over x is F(£\p). By the smoothness of tpi and adjunction, F(£\fi) is a Fano 
manifold, hence either % ~ O(o)® r or £ m ~ 0(a + 1) © O^a)®^'^ . 
Since the degree of £ does not change as x varies in P 1 we have that, for a fixed i — 1, 2, 
the splitting type of £ along the fibers of 9{ is constantly (a, . . . , a) or (a + 1, a, . . . , a). Up 
to twist £ with a line bundle we can assume that its splitting type along the fibers of &i 
is constantly (0, . . . , 0) or (1,0,..., 0) 

If for some i = 1,2 the splitting type of £ on the fibers of 9i is (0, ... , 0) then £ ~ 9*£', 
with £' a vector bundle on P 1 ; hence £ is decomposable and we are in case (i) or (ii). 

Assume now that the splitting type of £ on the fibers of 9{ is (1,0,..., 0) for i = 1 and 
i = 2, and thus Ci(£) = (1,1). We claim that in this case the contractions : X — » Z$ 
are birational. 

Assume by contradiction that for some i, say i = 1, the contraction $i is of fiber type. 
Let x G P 1 be a general point; the fiber of Z\ — > P 1 has dimension strictly smaller than 
the dimension of -0f 1 (x). It follows that both the restrictions of i?i and p to V ; r 1 ( x ) are 
of fiber type, yet ip^ (x) ~ Bl P r-2(P r ), so it has only one fiber type contraction. 
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We have already proved that the nontrivial fibers of the contractions $j are one di- 
mensional, hence for every i — 1,2 the variety Z t is smooth and i9j is the blow-up of a 
smooth subvariety of codimension two in Zi by (3j Theorem 5.2]. 

Consider one of the birational contractions of X, say i?i : X — > Z\, and let E\ be its 
exceptional locus. For every fiber f x of Q\ the restriction of E\ to Ff x (£\f x ) is a non nef 
divisor, hence it is the exceptional divisor of the contraction Ff x (S\f x ) —>■ P r . In particular 
Ei ■ Rs = 1 and £i does not contain any fiber of p. By [TOl Lemma 2.12] the restriction 
of p makes E\ a projective bundle over P 1 x P 1 , that is E\ = P p i xP l(£') with £' a rank 
r — 1 vector bundle over P 1 x P 1 . We will now split the proof in two cases, depending on 
the sign of the intersection number of E% with R$ 2 . 

Case 1. E x ■ R# 2 < 0. 

In this case the line bundle —K x — E\ is ample on X\ therefore its restriction to E\ 
is ample, E\ is a Fano manifold and £' is a Fano bundle of rank r — 1 over P 1 x P 1 . 
Note also that E\ has a fiber type contraction different from the bundle projection onto 
P 1 x P 1 , coming by the blow-up contraction $i, so, by induction, either £' is trivial or 
£' ~ C(1,0) © 0^ r ~ 2 \ The injection P P i xP i(£') ^ P P i xP i(£) gives an exact sequence of 
bundles on P 1 x P 1 

>0{a,b) ^£ >£> -0 , 

with E\ = & + p*0(—a, —b). Computing the intersection numbers of E\ with R# 1 and 
R$ 2 and recalling the splitting type of £ we have the following possibilities: 

O(0, 1) £ £>®( r - 2 ) © 0(1, 0) ; 

0(1, 1) £ o©(r-i) . 

Both these sequences split, so we are in cases (iii) or (iv). 
Case 2. E t ■ R$ 2 > 0. 

By [SUl Proposition 3.4] Z\ is a Fano manifold. Z\ has a fiber type elementary con- 
traction onto P 1 . For a general x E P 1 the fiber ifj^ 1 (x) = P(£|/i) is isomorphic to 
Bl P r-2(P r ), hence the fiber of Z\ — > P 1 over x is isomorphic to P r . It follows that Z\ has 
a projective bundle structure over P 1 (cfr. [HI Lemma 2.17]), so either Z\ ~ P 1 x P r or 
Z x ~ Bl P ,-i(P r+1 ). 

The second case cannot happen: in fact, let ^ : X — > P r+1 be the contraction of the 
face spanned by R$ 1 and R$ 2 . Denoting by E the exceptional divisor of the contraction 
Z\ — > P r , by E its strict transform in X, and applying twice the canonical bundle formula 
for blow-ups we have 

K x = ti* l K Zl +E 1 = ifj*K r+ i +#* 1 E + E 1 = ifj*K r+ i + E + kE x . 
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Since K x ■ R& 2 = — 1 and tp*K V r+i ■ R# 2 = we have E ■ R$ 2 < 0. This implies that 
E = E 2 , and thus E ■ R# 2 = — 1, yielding E x ■ R# 2 = 0, a contradiction. 

Note that the minimal extremal curves contracted by $i are the minimal sections 
(those corresponding to the trivial summands) of p : P(£|/|) — > P 1 along the fibers of 0*; 
therefore £f • = for i = 1, 2. Being trivial on the face spanned by R# 1 and i?^ 2 and 
positive on R £ the line bundle £g is nef. 

Let if) be the contraction of the face spanned by R# 1 and R# 2 ; this contraction factors 
through Z 1 ~ P 1 x P r and therefore is onto P r , since it does not contract curves in Rg. 
The line bundle £g restricts to 0(1) on the fibers of p, hence £g = -0*Opr(l). Therefore 
£ f (and so 5) is spanned and we have an exact sequence on P 1 x P 1 : 

>■ 0(a, b) ^ Q®(r+l) > £ > o , 

Computing the first Chern class we have a = —l,b = —1 and we are in case (v). In 
this case X = P(£) is a divisor in the linear system (9(1,1,1) in P P i xP i(0 ffi(r+1) ) ~ 
P 1 x P 1 x P r . □ 

2.3 Surfaces in G( 1,4) 

Let G(r, n) be the Grassmann variety of projective r-spaces in P n , embedded in P^ via 
the Pliicker embedding. We will denote a point in G(r, n) by a capital letter, and the 
corresponding linear space in P n by the same small letter. 

Consider the Schubert cycles fli := fl(0, 1, . . . , r — 1, r + 2) and f2 2 := ^(0, 1, . . . , r — 
2,r, r + 1); the cohomology class of a surface S C G(r, n) can be written as aQ,i + /3fi 2 - 
Recalling that the class of an hyperplane section of G(r, n) is the class of the Schubert 
cycle VLjj := fi(n — r — l,n — r, . . . ,n — 2,n) we obtain that the degree of S as a subvariety 
of F N is given by 

deg(S) = aQ&jj + (3Q 2 ^h = a + (3. 

The integer a is the number of linear spaces parametrized by S which meet a general 
(n — r — 2)-space in P n , as one can see intersecting with the Schubert cycle Q(n — r — 
2, n — r + 1, n — r + 2, . . . , n); it is called the order of S and denoted by ord(S'). 
The integer (3 is the number of linear spaces parametrized by S which meet a general 
n — r space in a line, as one can see intersecting with the Schubert cycle Vt{n — r — 1, n — 
r, n — r + 2, . . . , n); it is called the class of S and denoted by cl(S). 

Definition 2.16. The bidegree of S is the pair (ord(iS), cl^)). By the discussion 
above we have that deg S = ord(S') + c\(S). 
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Remark 2.17. A 2-plane in G(l,4) which parametrizes the family of lines which 
are contained in a given 2-plane ir C P 4 , classically called a p-plane, has bidegree (0, 1). 
Moreover, given a point L e G(l,4) there exists a line in G(l,4) joining A^ and L if and 
only if the corresponding line I C P 4 has nonempty intersection with 7T. 

Remark 2.18. The family of lines through a given point p in P 4 is parametrized by a 
three-dimensional linear space A^ C G(l,4), classically called a S-solid. 
A two-dimensional linear subspace of a E-solid, classically called a a-plane, parametrizes 
the family of lines through a given point in P 4 which lie in a given hyperplane 77, and has 
bidegree (1,0); we will denote it by h^ H . 

Given a cx-plane A^ H and a point L e G(l, 4) there exists always a line in G(l, 4) joining 
Ap H and L. This is clear if L is contained in the E-solid A^; otherwise, let n be the plane 
C P 4 spanned by I and p and let q be I fl 77 if / ^ 77 or any point of Z if / C 77: the 
pencil of lines in n with center q is represented by a line in G(l, 4) passing through 7 and 
meeting Aj; H . 

Example 2.19. If A^ is a 2-plane of bidegree (0, 1) (a p-plane) then the blow-up of 
G(l, 4) along A^ is a Fano manifold whose other contraction is the blow-up of P 6 along a 
cubic threefold contained in a hyperplane (see [251 Theorem XLI]). 

If else Ap H is a 2-plane of bidegree (1, 0) (a a-plane) the linear system |Og(1) <8>X A 2 ^| de- 
fines a rational map G — >■ P 6 whose image is a quadric cone in P 6 with zero-dimensional 
vertex; the blow-up of G(l,4) along A^ H is a Fano manifold whose other contraction is 
of fiber type onto this quadric cone. This can be checked by direct computation. 

Lemma 2.20. Let S be a surface in G(l, 4). // ord(S') = 0, then S is a plane of bidegree 
(0, 1), while if c\(S) = 0, then S is contained in a H-solid. 

Proof. Let / C G(l,4) x P 4 be the incidence variety. Denote by pi : / — > G(l,4) 
and p 2 : I — > P 4 the projections and let Locus(S') = p 2 (pj~ 1 (5')). If ord(5') = 0, then 
the general line of P 4 does not meet Locus(S'); therefore Locus(S') is two-dimensional. 
Moreover, since p^iS) is irreducible, also Locus(5') is irreducible. Therefore Locus(5') 
is an irreducible surface in P 4 which contains a two-parameter family of lines. It is easy 
to prove that Locus(S') is a plane, hence S is the p-plane which parametrizes the lines of 
Locus(S'). 

Assume now that cl(S') = 0. Since we can identify G(l,4) with the Grassmannian 
G(2,4) of planes in the dual space P 4 *, S can be viewed as a surface which parametrizes 
a two-dimensional family of planes in P 4 . The duality exchanges order and class, so S, 
as a subvariety of G(2, 4), has order zero, i.e., through a general point of P 4 there are no 
planes parametrized by S. 

Denote by I* C G(2, 4) x P 4 * the incidence variety, by p\ : I* -> G(2, 4) and p* 2 : 7* -> P 4 * 
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the projections and define Locus*(S') = ^(p* -1 (S)) . Then dim Locus* (S) < 3. 
Therefore Locus* (S) C P 4 * is an irreducible threefold which contains a two-parameter 
family of planes. It is easy to prove that in this case Locus* (S) is a hyperplane of P 4 . 
It follows that S parametrizes a family of planes in P 4 * contained in a hyperplane, and 
hence, by duality, S parametrizes a two-dimensional family of lines passing through a 
point of P 4 , and it is therefore contained in a S-solid. □ 

Lemma 2.21. Let S be a surface in G(l,3) C P 5 . If ord(S) > 2 or c\{S) > 2, then 
there exist proper secant lines of S which are contained in G(l,3). 

Proof. Let p G P 3 be a general point. The order of S is the number of lines 
parametrized by S which pass through p. Hence, if ord(S) > 2, there exist at least 
two lines li, li parametrized by S containing p. The pencil of lines generated by l\ and 
li corresponds to a line in G(l,3) joining the points Li, L 2 G S. Since p is general, the 
general member of the pencil is not a line parametrized by S, and hence the corresponding 
secant is not contained in S. 

Let 7r C P 3 be a general plane; the class of S is the number of lines parametrized by 
S contained in 7r. So if cl(S) > 2 there exist l\, l 2 C it, and the pencil of lines generated 
by li and I2 corresponds to a line in G(l,3) joining the points L\ and L2. Since n is 
general, the general member of the pencil is not a line parametrized by S, and hence the 
corresponding secant is not contained in S. □ 

Corollary 2.22. If S C G(l,3) and degiS* > 3 then there exist proper secant lines 
of S which are contained in G(l,3). 

Proposition 2.23. Let Q c G(l,4) c P 9 be a two-dimensional smooth quadric such 
that no proper secant of Q is contained in G(l, 4); then Q is contained in a G(l, 3) and has 
bidegree (1,1). In particular, Q parametrizes the family of lines which lie in a hyperplane 
ffcP 4 and meet two skew lines r, s C H . 

Proof. We have 2 = deg(Q) = ord(Q) + cl(Q); by Lemma 12.201 we cannot have 
ord(S') = 0. If ord(5') = 2 then cl(S) = and the same Lemma yields that Q is contained 
in a S-solid, and in this case all the lines in the S-solid meet Q and are contained in 
G(l,4). Therefore ord(Q) = 1 and the statement follows by [221 Main Theorem]. □ 

Proposition 2.24. Let S C G(l,4) be a surface of degree three such that no proper 
secant of S is contained in G(l,4); then the bidegree of S is (2, 1) and S is not contained 
in any G(l, 3). 

Proof. We have 3 = deg(S') = ord(S') + cl(5'); we cannot have ord(S') = by Lemma 
12.201 By the same lemma, if ord(S') = 3 then S is contained in a S-solid, and in this case 
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all the lines in the S-solid are secant to S and lie in G(l,4). 

If S C G(l,3) then S has proper secants contained in G(l,3) by Lemma [2. 2 11 Moreover 
if ord(S) = 1 then S C G(l, 3) by [221 Main Theorem]. □ 

Proposition 2.25. Let S C G(l,4) be a surface of bidegree (2, 1) not contained in a 
subgrassmannian G(l,3). Then S parametrizes lines which are contained in a family F\ 
of planes of a quadric cone C C P 4 with zero-dimensional vertex and meet a given line m 
which lies in a plane ir m G F 2 , where F 2 is the other family of planes of C 

Proof. Identifying G(l, 4) with the Grassmannian G(2, 4) of planes in the dual space 
P 4 *, S can be viewed as a surface which parametrizes a two-dimensional family of planes in 
P 4 *. The duality exchanges order and class, so S, as a subvariety of G(2,4), has bidegree 
(1,2). We apply [221 Main theorem] and we have the following description of S: 

let (3 : B1 M *(P 4 *) -> P 4 * be the blow-up of P 4 * along a plane M* C P 4 *. We can write 
B1 M .(P 4 *) = P P i(£), where £ := C^©C P i (1); denote by p the projection B1 A /»(P 4 *) -> P 1 . 
Let T be a quotient of £ with rk(jF) = degjF = 2 and denote by po := P\f(f)- 



B1 M ,(P 4 *) 




p4* pi 

Then 

S = S{M*,F) := {tt G G(2,4) I P(Po l (x)) C n C /3b _1 (x)) for some x G P 1 }. 

Since £ is nef also T is, so T = Opi(a) © Opi(6) with a, b > and a + b = 2. Therefore 
two cases can occur: 

(i) a = 1, b = 1, i.e., P(JF) ~ P 1 x P 1 . In this case the tautological bundle £g restricts 
to T as (9(1,1), so the image f3(F(J r )) C P 4 * is a smooth quadric Q. The plane 
M* contains a line in one ruling of the quadric, and S(M*, T) parametrizes planes 
in P 4 * which intersect M* along this line and contain a line belonging to the other 
ruling of Q. 

Passing to the dual we have the claimed description of S, where m is the dual line 
to the plane M*. 

(ii) a = 0, b = 2, i.e., P(JF) ~ F 2 . In this case the tautological bundle £g restricts to T 
as C + 2/, so the image /?(P(JT)) c P 4 * is a quadric cone whose vertex is a point 
h* G M*, therefore all the planes parametrized by S pass through h*. 

It follows that all the lines parametrized by S C G(l, 4) are contained in the hyper- 
plane H, dual to h*; in particular, S is contained in G#(l,3). This contradicts our 
hypothesis and thus exclude this case. ^ 
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3 Getting started 



Remark 3.1. Let X be a Fano fivefold with Picard number px > 2 and index rx = 2; 
then X has pseudoindex two. In fact, by pQ, the generalized Mukai conjecture 

Px(ix ~ 1) < dimX 

holds for a Fano fivefold, hence we have that %x cannot be a multiple of rx = 2. 

Lemma 3.2. Let X be a Fano fivefold of index two and a : X — > X' a birational 
extremal contraction of X which contracts a divisor to a surface. Then a is a smooth 
blow-up. 

Proof. Let R a be the extremal ray in NE(X) corresponding to a. From the fiber 
locus inequality we have l(R a ) = 2, since the general fiber of a is two-dimensional. Let A' 
be a very ample line bundle on X'; the line bundle A = H ® a* A 1 is relatively ample and 
Kx + 2A = 2a* A' is a supporting divisor for a. We can thus apply Corollary 5.8.1] to 
get that a is equidimensional and the statement then follows from 0, Theorem 5.2]. □ 

Proposition 3.3. Let X be a Fano fivevold of index two which is the blow-up of a 
smooth variety X' along a smooth center T; then the cone of curves of X is one among 
those listed in the following table, where F denotes a fiber type extremal ray, Di de- 
notes a birational extremal ray whose associated contraction contracts a divisor to an 
i-dimensional variety and S denotes a ray whose associated contraction is small: 



Px 


Ri 


R2 


R 3 


i?4 




2 


F 


D 






(a) 




F 


D 2 






(b) 




D 2 


D 2 






(c) 




D 2 


S 






(d) 


3 


F 


F 


D 2 




(e) 




F 


D 2 


D 2 




(f) 


4 


F 


F 


F 


D 2 


(g) 



Proof. The result will follow from the list in P, Theorem 1.1], once we have proved 
that X has no contractions of type D\. 

Let a : X — » X' be the blow-up of X' along T, let E be the exceptional divisor and let 
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/ be a line in a fiber of a. Let H be the fundamental divisor of X; from the canonical 
bundle formula 

-2H = K x = (T*K X > + (codimT - l)E 

we know that —2H ■ I = (codimT — 1)E ■ /, so the codimension of T is odd. It follows 
that either T is a surface in X' or T is a point. □ 

In this paper we will deal with cases (b), (e) and (f), since the other cases have already 
been classified; in particular: 

• in case (a) X' ~ P 5 by [8, Theoreme 1]. 

• As noted in the introduction of [9], for a Fano fivefold of pseudoindex 2 possessing 
a quasi-unsplit locally unsplit dominating family of rational curves is equivalent to 
have a fiber type elementary contraction, so, in cases (c) and (d), we can apply [9l 
Theorem 1.2] and see that either X' ~ P 5 and T is 

(cl) a Veronese surface, 

(c2) P P i((9(l) © 0{2)) embedded in a hyperplane of P 5 by the tautological bundle 
(a cubic scroll), 

(dl) a two-dimensional smooth quadric (a section of 0(2) in a linear P 3 C P 5 ), 

or X' is a del Pezzo manifold of degree five and T is a plane of bidegree (0, 1). This 
corresponds to case (c3) which arises as the other extremal contraction of case (c2); 
for a detailed description see Section 3, Example el]. 

• In case (g) X' ~ P 1 x P 1 x P 3 and T ~ P 1 x P 1 x {p} by pH Corollary 5.3]. 

4 Case (b) 

4.1 Classification of X' 

We will now prove that if X is as in case (b) then X' is either the projective space of 
dimension five or a del Pezzo manifold of degree < 5. 

Assume throughout the section that X is a Fano fivefold of index two with — Kx = 2H 
and Mori cone NE(Jf) = (R&,R a ), where : X — > Y is a fiber type contraction and 
a : X — > X' is a blow-down with center a smooth surface S G X' and exceptional divisor 
E. By [3, Theorem 1] we know that X' is a smooth Fano variety with px' = 1 and ix 1 > 2; 
moreover by the canonical bundle formula 

K x = <J*K X > + 2E 
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we have that rx> is even. 

Lemma 4.1. Let V be a minimal dominating family for X 1 ', V a family of deformations 
of the strict transform of a general curve in V and V the Chow family associated to V . 
Then E ■ V = 0, the family V is not quasi-unsplit and —Kx> • V = 4 or 6. 

Proof. By [16, II. 3. 7], the general curve in V does not intersect S, so E • V = 0. It 
follows that 

(2) - K x ■ V = -K x > ■ V < dimX' + 1 = 6. 

The family V is dominating and it is not extremal, otherwise E would be non positive 
on the whole cone of X. This implies by [9] Lemma 2.4] that X is rcV-connected; in 
particular, since px = 2, the family V is not quasi-unsplit. Therefore —Kx< ■ V = 
—Kx ■ V > 4 so, recalling that rx> is even, the lemma is proved. □ 

If the anticanonical degree of the minimal dominating family V is equal to 6 = 
dmvX' + 1 then X' ~ P 5 by [HI Theorem 1.1] (Note that the assumptions of the quoted 
result are different, but the proof actually works in our case since for a very general 
x' G X' the pointed family (V') x i has the properties 1-3 in [TU Theorem 2.1]). 

We are thus left with the case —Kx 1 • V = 4, which requires some more work. 
First of all we will analyze the families of rational curves on X; as a consequence we will 
prove that the exceptional divisor E of the blow-up is a Fano manifold and that the fiber 
type extremal contraction of X restricts to an extremal contraction of E with the same 
target Y. Using the classification of Fano bundles over a surface, given in [26] and [28] 
and completed in Section 12.21 of the present paper, we will find a line bundle on Y whose 
pullback to X has degree one on the fibers of the blow-up, and this implies the existence 
of a line bundle on X' which has degree one on the rational curves of minimal degree in 
X' . In this way we will be able to show that X' is a del Pezzo manifold. 

Lemma 4.2. Let D be an effective divisor of X; then D contains curves whose nume- 
rical class is in R a . 

Proof. We can assume that D ^ E, otherwise the statement is trivial. 
The image of D via a is an effective divisor in X', hence it is ample since px> = 1; therefore 
o(D) n5^f) and so D n E ^ 0. Let x be a point in D n E and let F x be the fiber of a 
through x; since dimF^ = 2 then D fl F x contains a curve in F x . □ 

Lemma 4.3. Let W be an unsplit family of rational curves on X such that Locus(jy) C 
E; then [W] e Ra- 
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Proof. Let F be a fiber of a such that F fl Locus(W) ^ 0; we have Locus(W)f Q 
Locus(W / ) C E. Assume that [W] £ R a ; we can apply Lemma [2?9l to get dim Locus(M / ) p = 
4, so in this case E = Locus(W) F = Locus(iy) and NE X (E) = ([W\,R a ) by Proposition 



It follows that E contains two independent unsplit dominating families, and it is easy to 
prove that their degree with respect to — Ke is equal to three; we can therefore apply [20], 
Theorem 1] and obtain that E ~ P 2 x P 2 . 

The effective divisor E, being negative on R a , must be positive on R#, so E dominates 
Y; since P 2 x P 2 is a toric variety, by [21, Theorem 1] we have that Y ~ P 4 . 
Moreover i9 : X — > P 4 is a P 1 -bundle by fl9\ Corollary 2.15]; by [T9l Theorem 1.2] it must 
be X ~ P P 4((9 © 0{a)) with a = 1 or a = 3, and in these cases X is not a blow-up along 
a surface, a contradiction. □ 

Lemma 4.4. There does not exist on X any unsplit family of rational curves W which 
satisfies all the following conditions: 



Proof. Assume by contradiction that such a family exists. In this case we have 
D\y ■ R a > (otherwise we would have Dw = E and [W] G R a by Lemma I4.3[ against 
assumption (ii)) and D w ■ R$ > (otherwise D w would contain curves in R#, against 
assumption (iv)); this implies that Dw is nef, and that it possibly vanishes only on R a . 
By pH Corollary 2.15] the contraction d : X -> Y is a P^bundle, i.e., X = F Y {£ = #*#); 
by the classification in [T9l Theorem 1.3] (note that we are in case px = 2) this is possible 
only if Y is a Fano manifold of index one and pseudoindex two or three; in fact in none 
of the other cases of [TSJ Theorem 1.3] X is the blow-up of a smooth variety along a 
(smooth) surface. 

Let Vy be a family of rational curves on Y with —Ky ■ Vy = iy and let v : P 1 — ► Y 
be the normalization of a curve in Vy; the pull-back v*£ splits as Opi(l) © Cpi(l) in case 
iy = 2, and as Opi(l) © Cpi(2) in case iy = 3. We have a commutative diagram 



12321(c). 




S := F(u*S) 



X 



V 



p 1 



V 



Y 
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Let C C S be a section corresponding to a surjection v*£ — > Opi(l) — > 0, and let Vc 
be the family of deformations of v(C); since if • ^(C) = Op(iy*£)(l) • C = 1 the family Vc 
has anticanonical degree two and is unsplit. 

We claim that the numerical class of W lies in the interior of the cone spanned by [Vc] 
and R#; this is trivial if [Vc] E R a , so we can assume that this is not the case. 
The cone of curves of S is generated by the numerical class of a fiber and the numerical 
class of C, i.e., NE(S') = ([C], [/]}. The morphism v induces a map N\{S) — > Nx(X) 
which allows us to identify NE(5) with the subcone of NE(X) generated by [Vc] and R$. 
The divisor Dw is positive on this subcone, hence the effective divisor T = u*Dw is ample 
on S. It follows that T lies in the interior of NE(S'), hence u(T), which is a curve in Dyy, 
lies in the interior of the cone generated by [Vc] and R#. Therefore also [W] lies in the 
interior of the cone generated by [Vc] and R$ by assumption (iv), and we can write 

[W] = a[C#] + b[V c ] , with a, b > 0, 

where C$ is a minimal curve in R$. 

Intersecting with H we get a + b = 1, and intersecting with — $*Ky we have 

-d*K Y -W = b% Y < i Y ; 
therefore if Cw is a curve in W we have — Ky ■ $*(CV) < iy, a contradiction. □ 

Proposition 4.5. Let V be a minimal dominating family for X', V a family of 
deformations of the strict transform of a curve in V and V the Chow family associated 
to V. Assume that —Kx> ■ V = 4. Then any irreducible component of a reducible cycle 
in V which is not numerically proportional to V is a minimal extremal curve. 

Proof. Let r = Tj be a reducible cycle in V with [Ti] ^ A[V]; since r x = 2, T has 
exactly two irreducible components. Denote by W and W their families of deformations, 
which have anticanonical degree two and so are unsplit. 

Since by Lemma [4.11 E ■ V = 0, we can assume that E ■ W < 0, hence by Lemma [4.31 we 
have that [IV] G R a . 

As a consequence, note that if V = T[ + T' 2 is another reducible cycle in V, then either 
T[ and T' 2 are numerically proportional to V or, denoted by W and W their families of 
deformations, we can assume that [W] = [W] and [W] = [W]. 

We claim that [W] is extremal. 

Case 1 V is not locally unsplit. 

Let {W*}i=i,..., n be the families of deformations of the irreducible components of cycles 
in V such that [W l ] = [W]; since V is not locally unsplit, for some index i the family W % 
is dominating. We can then apply P, Lemma 2.4]. 
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Case 2 V is locally unsplit. 

Assume by contradiction that [W] is not extremal. By the argument in the proof of 
Case 1 we have that W l is not dominating for every i. By inequality 12.41 (a) we have that 
dimLocus(W /i ) = 3 or 4; we distinguish two cases: 

(i) There exists an index % such that dimLocus(W /l ) = 4. 

Let D = LocusfW*); if D ■ V — then D is negative on an extremal ray of NE(Jf), 
hence on R a , but this implies D = E, against Lemma [4.31 

Therefore D ■ V > 0, hence D n Locus(14) ^ for a general x G X. Since 
we are assuming that V is locally unsplit we have that dimLocus(V^) > 3 and 
NE x (Locus(K)) = (V) by Proposition EH2 (b), so dimLocus^^LocuB^) > 4 by 
Lemma [231 (b) and D = Locus(iy i ) Locus( y. c ). It follows by [201 Lemma 1] that every 
curve in D can be written as aCy + bC-yyi with a > 0, Cy a curve contained in 
Locus(K) and C m a curve in W\ Therefore NE X {D) C (i^, [W^]), but this is 
excluded by Lemma [4. 4[ 

(ii) For every i we have dim Locus(W*) = 3. 

By inequality 12.41 (a) we have dim Locus {W x ) = 3 for every x G Locus(W). 

Let Q = Uj(Locus(iy 4 ) ULocus(M / *)) = E Uj Locus(W /l ), and take a point y outside 

Q; since X is rcV-connected we can join y and Q with a chain of cycles in V. Let C 

be the first irreducible component of these cycles which meets Q. 

Clearly C cannot belong to any family W l or W l because it is not contained in Q, 

so it belongs either to V or to a family AV^ which is numerically proportional to V; 

by [H Lemma 9.1] we have that either C C Locus(V 2 ) for some z such that V z is 

unsplit or C C Locus(AV). 

Moreover, since E ■ V — the intersection C H VL is contained in Q \ E. Let t be a 
point in Cn O and let Qj = Locus(iy j ) be the irreducible component of Q which 
contains t. If C C Locus(T4) we have dim(Locus(V 2 ) fl fij) > 1, against the fact 
that Nf(V z ) = ([V]} and Nf^) = ([W j ]). 

If else C C Locus(Ay) we have that dimLocus(Ay)n j > 4 by Lemma [2T91 (b) and 
that NE x (Locus(Ay)a,) C ([AV],J2^) by [20J Lemma 1]; this is clearly impossible 
if Locus(Ay)o j = X, and it contradicts Lemma [4.21 if dim Locus (XV) ^ = 4. 

Finally, since — Kx ■ W l = —Kx • W l = 2 we also have that the curves of W l and W l are 
minimal in R a and R$ respectively. □ 



COROLLARY 4.6. In the assumptions of Proposition 4-5, denoting as usual by C a and 
C$ minimal rational curves in the rays R a and R$, we have, in NE(X) ; [V] = [C a ] + [C$\; 
in particular we have H ■ C$ = 1 . 
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Proposition 4.7. Let V be a minimal dominating family for X' , let V be a family 
of deformations of the strict transform of a curve in V and assume that —Kx 1 ■ V = 4. 
Then E is a Fano manifold and X' is a del Pezzo manifold. 

Proof. By Lemma ED we have E ■ V — 0, hence E ■ C# — —E ■ C a = 1 by Corollary 
I4T6| It follows that 

- E) ■ C a = 2 + 1 = 3 

- E) ■ C# = 2 - 1 = 1, 

hence —Kx — E is ample on X by Kleiman criterion. By adjunction — Ke = {—Kx — E)\e 
is ample on E and E is a Fano manifold. 

We note that E contains curves of R$: otherwise the fiber type contraction fl would 
be a P 1 -bundle by [T9l Lemma 2.13], and since E ■ C$ = 1 it follows that E would be a 
section of $, against the fact that py = 1 and = + 1 > 2. 

Consider the divisor D = H — E: it is nef and vanishes on R#, so it is a supporting divisor 
for The restriction D\e is nef but not ample, since E contains curves of R&, so D\e is 
associated to an extremal face of NE(£) and to an extremal contraction fig : E — > Z and 
we have a commutative diagram: 




We will prove that, for every m G N the restriction map H°(X, mD) —>■ H°(E, ttiD\e) 
is an isomorphism, hence $\e = ^e and Z = Y. Consider the exact sequence 

O x {mD - E) O x {mD) E (mD\ E ) . 

Since i? is not contracted by d we have that h°(mD — E) =0; moreover, we can write 

mD - E = K x + (m - l)D + 3H - 2E. 

By Kleiman criterion 3H — IE is ample on X and, being (m — 1)D nef, the divisor 
(m — 1)D + 3H — 2E is ample, too. By the Kodaira Vanishing Theorem h l (mD — E) = 0. 
We have proved that E is a Fano manifold, and we know that it has a P 2 -bundle structure 
over S, i.e., E ~ Ps(£) with £ a Fano bundle of rank three over S. This implies that 5 
is a del Pezzo surface. 

Let Ly be the ample generator of Pic(Y); by Proposition 12.141 Proposition 12.151 and 
the classification in [26J , the pull-back of Ly has degree one on the fibers of the P 2 -bundle. 
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The line bundle H — E has degree two on the fibers of the P 2 -bundle and is trivial on 
the fibers of i?, hence H — E = 2d*Ly and so H — "d*Ly is trivial on the fibers of a, i.e., 
H — d*Ly = <J*Hx> for some Hx> £ Pic(X'). By the canonical bundle formula we have 



(3) 



- a *Kx> = -K x + 2E = 2(H + E) = 4H - 4$*L y = Aa*H x > 



i.e., Tx< = 4 and so X' is a del Pezzo fivefold. 



□ 



Corollary 4.8. By the classification of del Pezzo manifolds given by Fujita JIT) /. 
denoting by d := H x , the degree of X' and recalling that px> = 1, we have the following 
possibilities: 

(i) if d = 1 then X' ~ V\ is a degree six hypersurface in the weighted projective space 



(ii) if d = 2 then X' ~ Vi is a double cover of P 5 branched along a smooth quartic 
hypersurface; 

(iii) if d = 3 then X' ~ V3 is a cubic hypersurface in P 6 ; 

(iv) if d — 4 then X' ~ V4 is the complete intersection of two quadrics in P 7 ; 

(v) if d = 5 then X' ~ V5 is a linear section of the grassmannian G(l,4) C P 9 . 

4.2 Classification of S 

Theorem 4.9. If X' ~ P 5 then S is as in Theorem[T7\ cases (bl)-(b6). 

Proof. Let H be a hyperplane of P 5 , let H C X be its strict transform via a and 
let 7i = a*H. We know that H is an effective divisor different from E, hence it is nef; 
moreover if S C H we can write H = 7i — kE with k > 0. 

Let T be a proper bisecant of S, and let T be its strict transform; if S C H we have 



it follows that 5* has no proper bisecants, i.e., S is a linear subspace of P 5 and we are in 
case (bl). If else S is not contained in any hyperplane, note that S cannot be the Veronese 
surface, since the blow-up of P 5 along a Veronese surface has two birational contractions; 
therefore the secant variety of S fills P 5 . 

Let / be a line in P 5 not contained in S and / its strict transform; we have 



therefore if / is a proper bisecant of S we have — Kx -1 = 2; moreover S cannot have 
(proper) trisecant lines. 



P(3,2,l,... 



< H ■ T < 1 - 2k; 



K x -l = a*C p5 (6) -l-2E-l = 6- 2(Jt(5 D /)) > 0; 
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In the notation of [6], the condition on the trisecants is equivalent to the fact that the 
trisecant variety of S (which consists of all lines contained in S and of the proper trise- 
cants) is contained in S, so by the description in [6] (see in particular Theorem 7, Section 
4 and Appendix A2) we have the possibilities (b2)-(b6). 

We now show that in all these cases the blow-up of X' along S is a Fano manifold 
with the prescribed cone of curves. 

The linear system C = |Cps(2) ®Xs\ of the quadrics in P 5 containing S has S as its base 
locus scheme (see p2]), so a*C defines a morphism : X — > P(£). 

Since 27i — E is nef and vanishes on the strict transforms of the bisecants of S it follows 
that the numerical class of these curves is extremal in NE(X), and since — Kx is positive 
on these curves we can conclude that X is a Fano manifold. 

Moreover since S is neither degenerate nor the Veronese surface, the bisecants to S cover 
P 5 and so d is of fiber type. □ 

Lemma 4.10. Assume that X' is a del Pezzo fivefold. Let H x > = Ox'(l) and Hs = 
(H X ')\s- Then 

(i) 7/dimF = 2 then H 2 S = degX' = -K s ■ H s . 

(ii) 7/dimy = 3 then degX' = -K s ■ H s and degX' -H 2 S >2. 

(iii) 7/dimy = 4 then degX' > -K s ■ H s . 

Proof. Denote by M the normal bundle of S in X' and by Af* the conormal bundle; 
let C = detJV* G Pic(S). Recall that E = F s (Af*) and that -E\ E = 
Let Tt = a*Hx'', we have 

H 5 = {H x ,f = degX' =: d, 

and since the intersection of three or more sections of a very ample multiple of Hx' does 
not meet S we have also 

H 4 E = H 3 E 2 = 0. 

Then we have 

K s = (K x > + det AT) | 5 = -AH S - C, 
H 2 E 3 = {H 2 E 2 ) lE = H 2 s , 
HE* = (HE 3 ) lE = (-ne^)\E = -C ■ H s , 
Let L := 7i — E; from the above equalities it follows that 

(4) L 4 n = n 5 - m 2 E z + he* = d + K s -H s -, 

(5) L 3 H 2 =H 5 -H 2 E 3 = d- H 2 . 

By Corollary I4.6l we have that H-C$ = 1; then equation ([3]) yields that H.-R$ = E-R$ = 1, 
hence L is trivial on the fibers of $ and therefore L = t9*Ly. 



23 



(i) If dimF = 2 we have L 4 H = L 3 H 2 = 0, so it follows from (0} and (J5J that 

= d + K s ■ H s = d - H 2 S . 

(ii) If dimF = 3 then L 4 H = 0, and so byHlwe have 

d + K s ■ H s = 0. 

The contraction $ is a quadric fibration (see Definition 12. ip and 7i\p = Op(l) for a 
general fiber F of 0; hence L 3 ft 2 = (L Y )(H 2 F ) > 2, and [5] yields that 

d-H s >2. 

(hi) Finally, if dimY = 4 the general fiber F of d is one-dimensional and TC ■ F — 1, 
hence L 4 7i = L y > 0; again byHJwe have that 

d + K s ■ H s > 0. 

□ 

Lemma 4.11. 7/dimy > 2 then S is P 2 , a smooth quadric Q or the ruled surface ¥\, 
i.e. the blow-up ofF 2 at a point. 

Proof. By Proposition 14.71 E is a Fano manifold and, by the proof of the same 
Proposition, we know that the restriction d\E '■ E —>■ Y is an extremal contraction of 
E. Moreover, by the classification in Proposition 12.141 we know that for every del Pezzo 
surface Sk with k > 2 the exceptional divisor E is isomorphic to Sk x P 2 , and in this case 
E has no maps on a variety with Picard number one and dimension greater than two. □ 

Theorem 4.12. If X' is a del Pezzo fivefold then the pairs (X', S) are as in Theorem 
rOl cases (b7)-(bl3). 

Proof. The contraction d : X — > Y is supported by 7i — E, and is the resolution of 
the rational map 9 : X' — >■ Y defined by the linear system £ := cr*|i9*Ly|, where Ly is 
the ample generator of Pic(Y); since |i9*Ly| is base point free we have Bs£ C S; on the 
other hand C C \H X ' ®1s\, therefore Bs£ 3 5 and so Bs£ = S. 

It follows that the strict transforms of curves of degree one with respect to Hx> which 
meet S are contracted by i?. Moreover, since TC — E is nef, no curves of degree one with 
respect to Hx> and not contained in S can meet S in more than one point. 

• If dimY~ = 2 then i? is equidimensional and by [5j Corollary 1.4] we have that Y is 
smooth; moreover py = 1 and Y is dominated by a Fano manifold, so Y ~ P 2 . 
Therefore dim£ = 3, so S is the complete intersection of three general sections in 
\Hx'\ and we are in case (b7). 
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• In case dimY = 3, if S ~ P 2 then H s ^ Op* (a), with a > 0. By Lemma H~T0l (ii) 
we have d = —K^i ■ H P 2 = 3a; recalling that d < 5 we find Hs = 0p2(l) and d = 3 
(case (b8)). 

If 5 ~ P 1 x P 1 then H s ~ P i xF i(a, b), with a, 6 > 0. By Lemma EDI (ii) we have 
d = — i£pi x pi ■ ifp2 = 2a + 26; recalling that d < 5 we find if? = 0pi x pi(l, 1) and 
d = 4 (case (blO)). 

For ~ Fi we have —K^ ■ C > 5 for every ample C G Pic(Fi), equality holding if 
and only if C = Cq + 2/; hence, by Lemma 14.101 (ii) we have d = —Kw 1 ■ = 5 
and Hs = Cq + 2f. Since all the bisecants of S which are contained in G(l,4) are 
also contained in a linear section V 5 , it follows by Proposition 12.241 that S is as in 
case (bl3). 

• Finally, in case dimy = 4 we can apply Lemma [4.101 (iii) and get: if S ~ P 2 then 
Hs — 0(1) and H$ — 1, so d = 4 (case (b9)) or d = 5; in the latter case, being •& of 
fiber type, we exclude the case of a plane of bidegree (0, 1) in view of Remark [2.191 
and we are in case (bll). 

If S ~ P 1 x P 1 the bound -K s ■ H s > 4 gives H s = 0(1,1) and H 2 S = 2, hence 
d = 5; in this case S has bidegree (1, 1) by Proposition 12.231 and we are in case (bl2). 
The center of the blow-up cannot be Fi since — ■ > 5, which contradicts 
Lemma 14.101 (iii) . 

We show now that in all these cases the blow-up of X' along S is a Fano manifold 
with the prescribed cone of curves. 

Let (X', S) be a pair as in the theorem and denote by Hx> the fundamental divisor of 
X' . We claim that the linear system \Hx> ®1s\ has S as its base locus scheme; this is 
clear apart from cases (blO), which is described in Proposition 14.131 and (bl2) and (bl3), 
which are treated in Proposition 14. 141 

Therefore the linear system \a*Hx> — E\ defines a morphism $ : X — > P(| <j*Hx> — E\). 
Since a*Hx> — E is nef and vanishes on the strict transforms of the rational curves of 
degree one in X' which meet S, it follows that the numerical class of these curves is 
extremal in NE(X). Being — Kx positive on these curves, we can conclude that X is a 
Fano manifold. Finally, since the curves of degree one with respect to Hx> which meet S 
cover X' we have that d is a fiber type contraction. □ 

Proposition 4.13. Let Q be a smooth two-dimensional quadric inV^C P 7 . Then Q 
is the intersection ofV^ and the hyperplanes ofF 7 which contain Q. 

Proof. Let Q be a smooth two-dimensional quadric in V4 = Q fl Q' C P 7 , and let 
Aq be the three-dimensional linear subspace of P 7 which contains Q. 
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We claim that A Q is contained in one of the two quadrics Q, Q'. From [23l Proposition 
2.1] we know that the intersection of two quadrics is smooth if and only if there exist 
coordinates in P n such that 



xf = !> Q' = * > • Xixl = 



with Aj 7^ Aj for every i ^ j. So assume by contradiction that A|> <f_ Q U Q'; in this case 
A Q n Q = A|j n <Q>' = Q, so it must be 



(£(i-a, 



ix? ) = 0. 



[A 3 



Q 



But there is at most one index % such that Aj = 1, so the kernel of the quadratic form 
XX 1 — ^i) x 1 ls a ^ mos t one-dimensional and we reach a contradiction. □ 

Proposition 4.14. Let S be a smooth two-dimensional quadric of bidegree (1, 1) or a 
surface of bidegree (2, 1) not contained in a G(l, 3), in V5 C P 8 . T/ien 5 is i/ie intersection 
ofV$ and the hyperplanes 0/P 8 which contain S. 

Proof. Since V5 is an hyperplane section of G(l, 4) we will show that S C G(l, 4) C 
P 9 is the intersection of G(l,4) and the hyperplanes of P 9 which contain S, by finding 
explicitly its equations. 

By Proposition 12.231 if S is a quadric of bidegree (1, 1), then it parametrizes lines in P 4 
which meet two given skew lines r, s. Up to a change of coordinates in P 4 , we can assume 
that r and s have equations 

r : xo = x\ = X2 = 0, s : Xq = x% = X4 = 0, 

so H is the hyperplane of equation xo = 0; in this case the equations of S in G are 

Do = ■ ■ ■ = ZV4 = V9 = 

2/52/8 = 2/62/7 

and S is the intersection of G with the three-dimensional linear subspace A 3 C P 9 of 
equations 

yo = . . . = 2/4 = 2/9 = 0. 

Let now S C G be a surface of bidegree (2, 1) not contained in a G(l, 3), as described in 
Proposition 12.251 Up to a coordinate change in P 4 , assume that C is the cone of vertex 
(0 : : : : 1) on the quadric of equations 

XqX2 — X\X^^ X4 = 0, 



26 



and that m is the line of equations Xq — X\ — £4 — 0. The two families of planes contained 
in C have equations 



and m lies in the plane n m G F2 of equations xq = x\ = 0. The equations of the scroll 

ScG are 



yi = V5 
< y\ = 2/22/4 

2/12/8 = 2/42/9 

2/12/9 = 2/22/8 

In particular, S is the intersection of G with the four-dimensional linear space A| of 
equations y = 2/3 = 2/6 = 2/7 = 0, 2/1 = 2/5- □ 



Setup. Throughout the section, let X be a Fano fivefold whose cone of curves is as in 
cases (e)-(f), and let o : X — > X' be an extremal contraction of X which is the blow-up 
of X' along a smooth surface. 

Proposition 5.1. Let X be as above. Then either X = P P 2 xP 2((9 © 0(1, 1)) or X' is 
a Fano manifold of even index. 

Proof. Let E be the exceptional locus of a; by [501 Proposition 3.4] X' is a Fano 
manifold unless E contains the exceptional locus of another extremal ray; this is clearly 
possible only if X has another birational contraction, i.e., in case (f). Note that in this 
case both the birational contractions of X are smooth blow-ups by Lemma 13. 21 
Let a be the other blow-up contraction of X, denote by R a and R„ the extremal rays 
corresponding to a and a and by R$ the extremal ray corresponding to the fiber type 
contraction $ : X — >• Y. 

Let F be a fiber of a; by Lemma 12.91 (a) we have dim Locus (Rw)f > 4, hence E = 
Locus(i^) F and NE X (E) = (R a ,R w ) by Proposition EH Moreover E ■ R a < and 
E-R w < 0, hence E-R$ > and $ is a P 1 -bundle by [19, Corollary 2.15]. We can thus apply 
[j~9l Theorem 1.1], noting that the only Fano manifold in the list given in that result with 
two birational contractions with the same exceptional locus is X = Pp2 xP 2((9 © 0(1, 1)). 
The claim about the index of X' follows from the canonical bundle formula for a. □ 





2/0 = 2/3 = 2/6 = 2/7 = 



5 Cases (e)-(f) 
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Lemma 5.2. Let X be a Fano fivefold whose cone of curves is as in case (/); denote 
by R a and R w the divisorial extremal rays o/NE(X), by R& the fiber type extremal ray 
and by E (resp. E) the exceptional locus of R a (resp. Rw)- Then either E ■ R$ > 0, or 
E-R#> 0,. 

Proof. Consider a minimal horizontal dominating family V for $. 

Claim. The numerical class of V belongs to a two-dimensional extremal face of 
NE(X) which contains R$. 

If V is unsplit, since px = 3 the claim follows from [9J Lemma 2.4]. 

Denote by V$ the family of deformations of a minimal curve in R#. If V is not 
unsplit, for a general x G Locus(V) we have that dimLocus(V r ) > 3 by Proposition 12.41 
NE x (Locus(T4)) = (V) by Proposition EE2] and dimLocus(14, V) x > 4 by Lemma EH 
(c). Call D = Locus(K?, V%: then Ni X (L>) = (R#, V) by [201 Lemma 1], so D is a divisor 
since px = 3. 

It cannot be D ■ R$ > 0, otherwise we could write X = ChLocus(14, V) x and we would 
have px = 2; so it must be D ■ R$ = 0. This implies that D is positive on a birational 
ray, say R ai hence dim(/} D F) > 1 for every fiber F of a; since Ni X (.D) = (i?^, V) and 
NE X (F) = (R a ), the claim is proved. 

It follows that E ■ R$ > 0: in fact, if E • R$ — then E ■ V < 0, since curves of 
V are not contracted by i9 and so they do not belong to R$. But then we would have 
Locus(V) C E and V would not be dominating for a contradiction. □ 

Proposition 5.3. Let X be a Fano fivefold whose cone of curves is as in cases (e) — 
(/), and let o : X — >• X' be the blow-up of X' along a smooth surface; assume that E is 
positive on a fiber type extremal ray of X . 

If X' is a Fano manifold, then either X' ~ P 1 x Q 4 , and in this case either S ~ P 1 x / 
with I a line in Q 4 or S ~ P 1 x V with V a conic not contained in a plane ir C Q 4 , or X' 
is a F 3 -bundle over P 2 and S dominates P 2 via the bundle projection. 

Proof. Let R$ be the extremal ray on which E is positive, and let $ : X — > Y be its 
associated contraction; let ifi : X — > W be the contraction of the face spanned by R a and 
R$. Then ip factors through a and a morphism 9 : X' — > W, and we have a commutative 
diagram 



X 



Y 



a 




e 
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The contractions a and ip have connected fibers, so the same is true for 9; moreover 
W is a normal variety with pw = px> — 1 and dim W < dimX'. 

It follows that 9 is an extremal elementary fiber type contraction of the Fano manifold 
X'; denote by Rg the corresponding extremal ray in NE(X'). 

Let Vq be a dominating family of rational curves whose numerical class belongs to Re 
and whose degree with respect to some ample line bundle is minimal among the degrees 
of the families with this property. In particular, by the minimality assumption, such a 
family is locally unsplit. Let V be the family of deformations of the strict transform in 
X of a general curve in Vq. 

Since curves of V are contracted by ip, the numerical class of V in NE(X) lies in the face 
spanned by R a and R$. 

By [HH II. 3. 7], the general curve in V e ' does not intersect the center S of the blow-up, so 
E ■ V — 0; it follows that [V] G" R$. Clearly we cannot have [V] G R a , being E ■ R a < 0, so 
the class [V] does not generate an extremal ray of X. In particular, since V is dominating 
and X has no small contractions, V cannot be unsplit in view of [9], Lemma 2.29], hence 

4 < -K x ■ V = -K x , ■ Y 6 . 

For a general x G X' we have, by Proposition 12.41 (b) that dimLocus(V^) x > 3, so a 
general fiber of 9 is at least three-dimensional and dim W < 2. 

If dim W = 1 then the contraction of the extremal ray of X different from R a and 
R$ is a P 1 -bundle by [T9l Corollary 2.15] (take a fiber of tp for D). Now we apply [T9| 
Lemma 4.1], to get that X is a product with P 1 as a factor; looking at the classification 
table in pj5, Appendix] we find that the only products with px = 3 and a blow-down 
contraction of type D 2 are X ~ P 1 x B1;(Q 4 ) or X ~ P 1 x Bl r (Q 4 ); the description of X' 
and S follows. 

If dimW = 2 we claim that X' is a P 3 -bundle over P 2 . We would like to use [T9l 
Lemma 2.18], but we do not know that the length of the ray Re is dimX' — 1. However 
we notice that, in the proof of the quoted result, the assumption on the length is used 
only to prove that the general fiber of the contraction is a projective space, so we will 
prove in a different way that this is the case in our situation. 

Let x be a general point in X' and denote by F x the fiber of 9 containing x; by Proposition 
12.41 (b) we have dimLocus(V^') x > 3, hence F x = Locus(V^%. Moreover, since V e ' is locally 
unsplit, by Proposition 12.121 (b), we have pf x = 1. Now we can conclude F x ~ P 3 either 
by the classification of Fano threefolds or by applying [HJ Theorem 1.1] as in the proof 
of Lemma 14. 11 

Therefore, by the proof of [T9l Lemma 2.18], X' is a P 3 -bundle over P 2 ; E is positive on 
the fiber type ray R§, so the image via a of every curve in R$ is a curve contracted by 9 
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which meets S. Since d is a fiber type contraction, we know that curves in R$ dominate 
X, hence curves contracted by 9 which meet S dominate X'. Therefore S dominates 
P 2 . □ 



Theorem 5.4. Let X be a Fano fivefold whose cone of curves is as in cases (e)-(f), 
and let a : X — > X' be the blow-up of X' along a smooth surface S. Then the pairs 
(X',S) are as in Theorem II. 1| cases (el)-(e4) or (fl)-(f4). 

Proof. By Proposition O, either X ~ P P 2 xp2 (0 © 0(1, 1)) and therefore (X 1 , S) is 
as in case (fl) or we can apply Proposition 15.31 in fact, in case (e) the positivity of E on 
a fiber type ray of NE(X) is trivial, otherwise it follows from Lemma [5.21 
Therefore either (X', S) is as in cases (el)-(e2) or, up to exchange a with a, we have that 
X' is a P 3 -bundle over P 2 . 

In this case, the classification in yields that X' is either the blow-up of P 5 along a 
plane i\\ or X' ~ P P 2(TP 2 (— 1) © 0® 2 ). Considering the exact sequence 

— > p2 (-l) — > 0® 5 — > TP 2 (-1) © 0® 2 — > 

we see that X' = P p2 (TP 2 (-l) © 0® 2 ) embeds in P 2 x P 4 as a section of 0(1, 1). 

Let I C X' be a line in a fiber of the P 3 -bundle not contained in S, and let I C X be 
its strict transform; by the canonical bundle formula 

(6) -K x -l= -a*K x , ■ I - 2E ■ I < 4 - 2#(5 D 0; 

since X is Fano it must be #(5' Pi I) < 1. 

Let i?g C NE(X') be the extremal ray of X' not associated to the P 3 -bundle contraction. 
Let C be a minimal extremal curve in Rg not contained in S and let C C X be its strict 
transform. Again by the canonical bundle formula 

-K x ■ C = -o*K x > -C -2E-C < 2 - 2#(S n C), 

hence 5 D C = 0. Therefore, if S meets a two-dimensional fiber Fq of ^ then S = Fg. 

• In case X' ~ Bl^-^P 5 ), the map 9 is the blow-up map, so denoted by E' the excep- 
tional divisor of 9 we have that either S is a fiber of 9 and we are in case (f2), or 
S fl E' = 0; in particular 5 cannot meet a fiber of the P 3 -bundle in a curve. 
In the first case, X has another blow-down contraction a : X — > Bl p (P 5 ), whose 
center is the strict transform of a plane passing through jo; this corresponds to case 
(f3). In fact, X can be described as follows: let Y be the blow-up of P 4 along a 
line, let E Y be the exceptional divisor, let H Y be the pullback of Of*(l) and let 
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£ = (2H Y + E Y ) © (3H Y + Ey). Then X = F Y (£), and the following diagram shows 
the extremal contractions of X: 



p2 



e 



BUP 5 ) 



BL(P 4 ) 




p5 



p4 



Bl p (P 5 ) 



In case SHE' = 0, equation (jSJ) yields that S is a section of the P 3 -bundle contraction 
of X'; therefore it corresponds to a surjection O 3 ©0(1) — ► 0(1), the image of S 
in P 5 is a plane 7r 2 not meeting ir\ and we are in case (f4). In this case X ~ 
P p2xp2 (O(0,l)© 0(1,0)). 

• If X' ~ P p2 (TP 2 (-l) © O® 2 ) the contraction is of fiber type; it follows that S is 
the union of all the fibers of 9 which have nonempty intersection with S itself. 
In particular, either S is a two-dimensional fiber of 9, i.e., a section corresponding 
to a surjection TP 2 (— 1) © O® 2 — > O, and we are in case (e3), or 9 is a P 1 -bundle 
and S contains a one-parameter family of fibers isomorphic to P 1 . 
In this last case, the restriction of 9 to S is a morphism from S to a curve, and 
therefore S ^ P 2 ; so S cannot be a section of the natural projection p : X' — > P 2 . 
By equation ([6]) the restriction of p to 5 is a birational morphism pig : S —>■ P 2 , and 
the only surface which is birational to P 2 and has a morphism on a curve all whose 
fibers are ~ P 1 is the Hirzebruch surface ¥\. In particular, the exceptional curve 
of S is a line in a fiber of p, therefore 0(Fi) = 6 (Co) is a line I C P 4 and S is the 
intersection of the pullback of three hyperplanes in P 4 meeting along / (case (e4)). 

To conclude, we prove the effectiveness of X in these last two cases: in case (e3) 
let Y be a general member of \0&t x j&(l, 1)|, and let £ = O y (1, 1) © O y (1,2); then 
X ~ F Y (£), as proved in jX9(, Proposition 7.3], and X is a P 1 -ruled Fano manifold. 
In case (e4) X can be realized as follows: let Z = B1/(P 4 ), and let Hz be the pullback 
of Op4(l); then X is a general section in the linear system \p\0^>2(l) +p^H\ in P 2 x Z, 
where p\ and p 2 denote the projections onto the factors. q 
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